Entanglement transfer from continuous variables to qubits 
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We show that two qubits can be entangled by local interactions with an entangled two-mode 
continuous variable state. This is illustrated by the evolution of two two-level atoms interacting 
with a two-mode squeezed state. Two modes of the squeezed field are injected respectively into two 
spatially separate cavities and the atoms are then sent into the cavities to resonantly interact with 
the cavity field. We find that the atoms may be entangled even by a two-mode squeezed state which 
has been decohered while penetrating into the cavity. 
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I. INTRODUCTION 

Entanglement is one of the important ingredients in 
current development of quantum information process- 
ing. If the density operator of a bipartite system, p, 
is not represented by a convex sum of product states, i.e 
P 7^ X^i Pa(i)®Pb{i) where pa and pb are density operators 
for subsystems a and 6, the system is said to be entangled. 
For a 2 X 2-dimensional space, Peres and Horodecki et al. 
found a criterion of entanglement: When the partial 
transposition of its density matrix has a negative eigen- 
value, the bipartite system is entangled. Entanglement 
is a purely quantum nature and it sometimes presents a 
contrast to nonlocality (see ||] for further discussions). 
Even though the two concepts coincide for pure bipartite 
states when mixed states are concerned, there may 
be mixed entangled states which do not show nonlocality 

In this paper, we are interested in a possibility of en- 
tangling two remote qubits using a bipartite continuous 
variable state. This is illustrated by the evolution of two 
two-level atoms interacting with a two-mode squeezed 
state as shown in Fig. 1. Assume that two modes of the 
squeezed field are injected respectively into two spatially 
separate cavities. The atoms are then sent into the cavi- 
ties to resonantly interact with the cavity field. A high-Q 
cavity is assumed to consider the Jaynes-Cummings type 
interaction between the atom and cavity field ||^. 

A pair of atoms can be prepared in an entangled state 
using the atom-field interaction in a high-Q cavity. The 
interaction of a single two-level atom with a cavity field 
brings about entanglement of the atom and the cavity 
field 1^. If the atom does not decay into other internal 
states after it comes out from the cavity, the entangle- 
ment will survive and it can be transferred to a second 
atom interacting with the cavity field. The violation of 
Bell's inequality can be tested by the local measurement 
of atomic states. 

There are proposals to entangle fields in two spatially 
separated cavities using the atom- field interaction 
A two-level atom in its excited state passes sequentially 



through two resonant single-mode vacuum cavities and is 
found to be in its ground state after the second-cavity in- 
teraction. If the interaction with the first cavity is equiv- 
alent to a 7r/2 vacuum pulse and the second-cavity inter- 
action is to a TT pulse then the atom could have deposited 
a photon either in the first cavity or in the second so that 
the final state \^ f) of the two cavity field is 

|*/) = i=(|l,0)-He^'^|0,I)) (1) 

where |1,0) denotes one photon in the first cavity and 
none in the second, and |0, 1) vice versa and the nonlo- 
cality of the cavity fields can also be tested using local 
parity measurement Using the entangled cavity field 
(|I|), an unknown atomic quantum state can also be tele- 
ported [g. 

In quantum algorithm, the entangled state (|l|) of = 
is generated by the action of a controUed-NOT gate if the 
two input particles are in |0)(|0) + |l))/\/2. Type-II Q 
or type-I [l^ ] parametric down-conversion may produce 
entangled states. By putting one photon state into a 
beam splitter, an entangled state is generated in the two 
output ports . The beam splitter may also be used to 
produce a continuous- variable entangled state [Q . By a 
non-degenerate optical parametric amplifier a two-mode 
squeezed state, which is a continuous-variable entangled 
state, is generated p5[ |. 

We show the initial preparation of the cavity in Section 
II and the evolution of atoms and field in Section III. The 
evolution of entanglement between two atoms is studied 
in Section IV. 



II. CAVITY FIELD 

The two-mode squeezed state 0, which is gener- 
ated using a non-degenerate optical parametric ampli- 
fier, is an entangled continuous-variable state. Maxi- 
mal entanglement is not possible to produce for two- 
mode squeezed states because such a state implies infinite 
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energy. The action of the two-mode squeeze operator, 
S{s) = exp{—sab + 50^6^) on the vacuum |0, 0) produces 
the two-mode squeezed state 
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where s is the squeezing parameter. Here a and b (a^ and 
b^) are bosonic annihilation (creation) operators. The 
amount of entanglement of the two-mode squeezed state 
is linearly proportional to the squeezing parameter . 

Each mode is injected to the cavity which is initially 
in the vacuum state as shown in Fig. 1. A complete 
quantum-mechanical picture of injecting an external field 
to a high-Q cavity is gained by modelling this operation 
with beam splitters [ p8| . For example, injecting pj into 
a cavity initially in the vacuum, the cavity field becomes 



(3) 



where Tr^ is tracing over the mode / and the coupling 
between the external field and cavity is determined by the 
beam splitter operator B{9) — exp[|(c/t — f)] with c 
and / being annihilation operators respectively for the 
cavity and external fields and c' and p are their hermi- 
tian conjugates. The reflection coefficient r = cos(6'/2) of 
the beam splitter is determined by the coupling between 
the external field and cavity. 

Extending Eq.(^) to coupling of the two- mode 
squeezed state with two independent cavities initially 
in their vacuum states, we obtain the density operator 
for the cavity field, after injecting the squeezed state: 
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where G^riO) = CJ!{d)C^{9)Cr{0)Cr{9) with 



— COS - sm" " -. 

kl(n~ky. 2 2 



(5) 



The density matrix pc represents the composite system of 
the cavity fields in a mixed state. It has been shown that 
the mixed state pc in Eq. is never separable regardless 
of 9 using the separability criterion for a Gaussian field 

MM- 



III. ATOM-FIELD INTERACTION 

The Jaynes-Cummings model Q is one of the most 
studied models in foundations of quantum mechanics. 
It consists of a two-level atom resonantly coupled to a 
single-mode radiation field inside a cavity. The impor- 
tance of the Jaynes-Cummings model is many-fold. This 



exactly soluble simple model may serve a basis for more 
complicated systems and it manifests interesting quan- 
tum nature of the field and atom. This model can also 
be experimentally realisable [pT| . 

The Hamiltonian for the Jaynes-Cummings model in 
the interaction picture is written in atomic bases {|e), \g)} 
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where A is the coupling coefficient between the atom and 
field. The corresponding unitary evolution operator U = 
ex.p{—iHit) can be written in the following form p2[. 
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where the Rabi-frequency operator, fin = XvdJd. 

In our model, there are two atoms residing in two sep- 
arate cavities. The total unitary operator, thus, can be 
constructed by a direct product of two unitary operators 
representing evolutions of two independent atom-field in- 
teractions: Urit) = U^{t)(g)U^{t) where A and B are the 
labels for two cavities. For simplicity, we assume that the 
atoms undergo the same evolution with the same atom- 
field coupling constants and interaction times. 



IV. ENTANGLEMENT OF TWO ATOMS 

We assume that the two atoms are prepared in a sepa- 
rable pure state Pa and the field is in the mixed two-mode 
squeezed state @. The composite system of the atoms 
and field evolves unitarily and is represented by the den- 
sity operator p{t) at time t: 



p{t) = Urit) Pa®Pc uUi)- 



(8) 



Because we are interested in entanglement between the 
atoms, we trace over the field variables and find the time- 
dependent density operator Pa{i) for the two atoms: 



Pa{t) = Tr,{p{t)} = 



/A(t) E{t)^ 

B{t) 

C{t) 

\E{t) D{t), 



(9) 



where the matrix basis is chosen as 
{\e,e),\e,g),\g,e),\g,g)} and A{t), B{t),C{t), D{t), and 
E{t) are the functions of interaction time, which are de- 
termined by the initial state of the atoms. For example, 
if the atoms are initially in \g,g) the functions are given 
by 
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time as shown later in Fig. 3.) The figure is presented 
for the three different values of the reflection coefficient 
r. It shows that the amount of entanglement between the 
two atoms (qubits) is not a simple increasing function of 
s and even decreases as s gets larger after it peaks at 
s « 0.65. 

The two-mode squeezed state is represented as a super- 
position of the number states \n,n) as shown in Eq.(^. 
The two qubits which are in the 7^2 ^"^^2 are coupled with 
n,n), |n-|- 1, n), \n,n + l) and |n-|- 1, n+ 1) of continuous 
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For the case that the atoms are initially prepared in |e, e) 
the functions are modified from Eqs.(p^. In this case, 
the functions can be obtained by switching sin <-> cos and 
fc,;^fc-Hl,/-l-l in Eqs.(|i). 

The density operator PaJt) characterizes the atoms in- 
side the cavity not in a pure state for t > 0. There are 
several ways to quantify a degree of entanglement for a 
mixed state such as the quantum relative entropy [23|, 
the entanglement formation and the measure defined by 
negative eigenvalues for the partial transposition of the 
density operator . Among the possible entanglement 
measure for a mixed state we take the measure of nega- 
tive eigenvalues for the partial transposition of the den- 
sity operator because the calculation is simple. 

The partial transposition of Pa{t) has four eigenvalues 
one of which may be negative. The entanglement mea- 
sure £{p) is defined as multiplying the factor —2 to the 
sum of negative eigenvalues. The entanglement measure 
then ensures the scale between and 1 and monotonously 
increases as entanglement grows. The entanglement mea- 
sure for the atoms inside the cavities are given by the 
function of interaction time as 



£[Pait)] = ^[Bit)-Cit)]^+AEit)^-Bit) - C{t). 



ariables at the Rabi frequency 17„ = A^/n. Because the 
amplitude tanh s in Eq. (0) increases with the squeezing 
(lOjparameter s, the terms of higher excitation, i.e. large 
n, contribute more to the atom-field interaction. The 
entanglement transfer is then cancelled and approaches 
to zero for s — > cx). It means the maximally entangled 
continuous variable system does not generate maximally 
entangled qubits by the unitary transformation we have 
in this paper. 

In Figj^, we plot the time evolution of entanglement 
for s = 0.65 for the different values of the reflection co- 
efficient r when the atoms are initially prepared in |e, e) 
and in \g,g). The amount of entanglement decreases as 
the reflection coefficient r is increased while its dynamics 
exhibits the same qualitative behaviors. The reflection 
coefficient r represents the degree of mixedness of the 
two-mode squeezed state. As r gets larger, the amplitude 
of the cavity field gets smaller. However, it is interest- 
ing to note that when atoms are initially in \g,g), even 
with r as large as 0.99, the atoms may be entangled. En- 
tanglement is maximised when the cavities are initially 
prepared with a pure two-mode squeezed state (r = 0). 

It is seen that entanglement evolves depending on the 
initial preparation of atoms. When the atoms are ini- 
tially in |e, e), entanglement does not appear at the early 
stage of the interaction and undergoes fast oscillations. 
Compared with the |e, e) preparation, the initial \g,g) 
state produces more entanglement from the early stage 
of interaction. Because of extra photons which are emit- 
ted by atoms initially in |e, e), the atom- field interaction 
becomes more complicated and brings about faster oscil- 
lations in entanglement. 



(12) 

The measure of entanglement in Eq.(^) is not only 
the function of interaction time but also the function of 
squeezing parameter s. It is obvious that entanglement 
does not appear when the squeezing parameter s — 
because the two-mode squeezed state becomes separable 
and entanglement is not generated only by local opera- 
tions. For s ^ 0, we found that entanglement is produced 
between the atoms inside the cavities regardless of s when 
the atoms are initially prepared in \g,g) and r = 0. 

In Fig.||, entanglement between two atoms is plotted 
against the squeezing parameter s at a specific interaction 
time Xt — 11. (We have chosen this time because the 
evolution of entanglement shows local maximum at this 



V. REMARKS 

We consider the entanglement of two two-level atoms 
by local interaction with the two-mode squeezed field. 
We found that the entanglement is maximised when the 
two-mode squeezed field is pure. As far as the two-mode 
squeezed state is pure, the atoms show entanglement dur- 
ing their evolution but the entanglement goes to zero as 
s — > cx). The dynamics of entanglement does not change 
its time dependence while the overall amplitude is low- 
ered when the initial squeezed field becomes mixed. We 
found that the entanglement depends on initial prepara- 
tion of atoms. 
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Two-mode 
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FIG. 1. Each mode of the two mode squeezed state is in- 
jected into the high Q cavities A and B 




FIG. 2. Entanglement between two atoms versus squeezing 
parameter s at the interaction time Xt = 11. The cavity fields 
are initially in the pure state r = (solid circle), mixed state 
r = 0.25 (open circle) and r = 0.7 (triangle). The atoms are 
initially in \g,g). 
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FIG. 3. The time evolution of entanglement between the 
two atoms is plotted as the function of diniensionless time 
Xt. The cavity reflection parameters are chosen as r = 
(solid), r = 0.25 (dotted), r = 0.7 (dashed) and r = 0.99 
(dashed-dot). The squeezing parameter is s = 0.65. Initial 
atomic states are prepared in |e, e) (a) and \g,g} (b). 
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